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Successive 1-line and 2-line over-relaxation techniques for solving self-adjoint second-
order elliptic partial-differential equations in a rectangle subject to a periodicity condi-
tion in one coordinate direction are shown to be equivalent to successive peripheral
techniques in plane regions with holes. Algorithms are given for solving the resulting
sets of equations and the numerical results obtained substantiate the equivalence. An
intuitive comparison is also made between successive peripheral over-relaxation and
the more usual 1-line and 2-line blocks for the model Dirichlet problem. It is concluded
that the 1-peripheral block (SPOR) corresponds more to the 2-line method (S2LOR)
rather than to the single line grouping (SLOR).

INTRODUCTION

In a previous paper [2], the authors introduced a new ordering of the mesh
points on a two-dimensional grid viz. around successive peripherals of the region
of integration. The technique, when employed in a block over-relaxation scheme,
was called successive peripheral over-relaxation (SPOR).

The purpose of this paper is to introduce new algorithms for solving the sets
of equations arising from the method and also to show that for a certain class of
problems, a theory does exist for SPOR. Numerical results to substantiate the
theory are also given.

1. FORMULATION OF THE PROBLEM

Consider the solution of the self-adjoint, second-order, elliptic partial-differential
equation

—[A(x, »)go(x, Y)]. — [C(x, ¥) b,(x, M, + F(x, y) (x, p) = G(x,y), (1.1)
1
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2 BENSON AND EVANS
for (x, y) € R, where R 1s the rectangle

0 xgll, 0<y<125

VA

with the condition that ¢ is periodic in the x-direction. The boundary conditions
are

$(x,y) = $(x £+ 1, y), (1.2)
for (x, y) € R, where R is the region 0 << x < /,,0 <y < 1, and
d(x, y) given forall 0 < x <,y =0,1, (1.3)

Also, A, C, F, G are continuous in R and satisfy

Alx,y) >0,  Alx,y)=Ax £ h,),
Cx,») >0, Clx,p)=Cx=xh,y),
F(x,y) 20, Fx,y)=Fx+h,)),

G(x,y) = G(x £ L, y),

(1.4

for (x, y)e R.

This problem has been treated by Wood [7], but without much consideration
of the computational aspects involved. In this paper, use will be made of some of
the theoretical results given by Wood as well as the derivation of efficient compu-
tational methods for solving the problem. The problem itself can be thought of
as solving (1.1) subject to the conditions (1.2)-(1.4) over an infinite strip with a
periodically occurring pattern or over the surface of a cylinder with the function
values being given on the boundaries. From this latter point of view it is a Dirichlet
problem and topologically equivalent to a plane region with a hole in it.

2. THE DIFFERENCE EQUATIONS

If mesh lines parallel to the coordinate axes are superimposed on the region R,
then for any mesh point (x, y)

x = ih, i=01,..,n—1,
y=jk, Jj=12.,m,

where nh = I, , (m + 1) k = I, and the periodic boundary condition is obtained
by considering the integer suffix 7 as interpreted modulo #.
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The derivatives in (1.1) are replaced by the equivalent weighted difference
representations of the form

[A(x, ) (x, V)] = {A(x + (4]2), PIP(x + A, y) — H(x, y)]
— A(x — (h]2), pI$(x, y) — ¢(x — b, VA%, (2.1)

or, denoting ¢(x, y) = ¢(ih, jk) by ¢, etc.,
[A(x, ) ¢w(X, Nk = [Ai+(1/2),j(¢i+l,i - ¢i,f) - Ai—(l/z).i(¢i,f - </>i-1,j)]/h2, 2.2

the right-hand side being an approximation to the derivative on the left-hand side,
evaluated at the point (x, y). A similar expression holds for [C(x, ) ¢,(x, V)],
at the point (x, y). Substitution of the approximation (2.2) together with that for
[C(x, y) dy(x, »)], into (1.1) yields a finite-difference representation of (1.1) at
the point (ih, jk) in the form

V;,iPii-1 + Qiibica,s + bigPis + CiiPiirg + UiiPigia = Sis T iy,

where
a;; = —K*A;_a.i, €y = —KkK*ram.i

Vs = —h*Cii_an Ui; = —hCi s » @.4)
bij = BK*F;; — a5; — €5 — U5 — Uiy,

S5 = h2k2GiJ N

and ¢, ; represents the truncation error term.

The solution of (1.1) subject to the specified conditions is then approximated
by the solution of the difference equation (2.3) with the truncation error term
neglected. This set of equations may be written in matrix notation as

Ad =s. (2.5)

If the points are ordered along the x-lines, then A is partitioned into blocks
corresponding to the lines y = jk and takes the form

A; Bz G

3 B3 3 O
A= 0 \ \ \ , (2.6)

m—l B m-1 m—1

A, By
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where A;, B;, C; are square matrices of order n such that

bo; o
4,5 b1 i C1,4

\\\0, @

An—g,j bn—2 i Cn—2,j
Cn-1,j Qn-1,j bn—~l,a

and
C;= dlag(uo.i > Upgseees un—-l.i)9

| @8)
A4; = dlag(vo,i 3 Ur,4seens Uﬂ—l.a’)s

forj = 1, 2,..., m. The vectors ¢ and s of (2.5) are then partitioned relative to the
matrix 4 of (2.6). Iterative methods for the efficient solution of (2.5) will now be
considered.

3. SuccessiVE OVER-RELAXATION TECHNIQUES

Consider a natural ordering of the lines y = jk. If the coefficient matrix A of
(2.5) is partitioned so that its diagonal submatrices are all of order (1 x 1), i.e.,
the point case then the matrix properties depend on whether », the number of points
on each line is even or odd. If n is odd, then the matrix does not possess Property A,
and the successive over-relaxation theory is not valid. For n even, however, the
matrix does possess Property 4 and though a natural ordering of the points on
each line does not lead to a consistently ordered set of equations, a suitable
ordering can be found to enable the theory to be applicable.

In this case, the usual relationship, viz.

Adw—1

w

= /2y, 3.1

exists between the eigenvalues A, p of the SOR and associated Jacobi matrices,
respectively, and the over-relaxation factor w, the optimum value of which is given
by,

& = 2/(1 + (1 — pHH) (3.2)

where [z is the spectral radius of the Jacobi matrix.
If (1.1) reduces to Laplace’s equation subject to the boundary conditions (1.2)
and (1.3), the finite-difference analog at the point (i, j ) can be written as,

Gii = Oulir,; + il + Ouldiion + biyials (3.3)
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where
\ 0 Kk 0 R
z = 200 + k) ° v = 202 + K °
It then can be shown [7] that in the case when the SOR theory applies, the spectral
radius of the point SOR matrix is given asymptotically by,

X 1 — 226, (mf(m + 1), 3.4)

for large values of m, the number of lines of unknowns. Thus, for a square mesh,
the asymptotic rate of convergence of the point SOR matrix satisfies,

R(SOR) = 2'2(m|(m + 1)),

and consequently, is dependent only on m, the number of lines.

For problems of any computational difficulty, however, point methods are
unlikely to be used, and where possible, block methods would be employed. If
then A is partitioned so that each diagonal submatrix consists of mesh points on
successive groups of p-lines in the x direction, then the matrix is block 2 cyclic
and a natural ordering of the lines is consistent. The block SOR theory is then
immediately valid so that (3.1) and (3.2) again hold, but now, A is an eigenvalue of
the p-line SOR matrix etc. For Laplace’s equation, the diagonal submatrices B;
of (2.7) are then given by,

1 -6, —6,
-6, 1 -6, 0
Bj = ) (3.5)
0o\ 0\ AN
—6, —6, 1
with
A;j = C; = —0,I (3.6)

For p = 1, the eigenvalues of the 1-line block Jacobi matrix D-Y(L + U), where
A =D — L — U, are then

26, cos(sm/(m + 1))
Pr,s = 1 — 26, cos(2ar/n) ’

s=12.,m r=01,.,n—1, (3.7

so that the spectral radius is

g = cos(m/(m + 1)). (3.8)
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Consequently, the optimum value of w, the spectral radius of the one-line SOR
matrix, and the corresponding rate of convergence are all dependent only on m,
the number of lines.

The successive line over-relaxation method (SLLOR) for solving (2.5) with A
as given by (2.6) is defined by

Bid!™ = B¢ + wls; — 4,670 — C,6, — Bo!). (3.9)

(This form, because of the periodicity condition, corresponds very closely to the
SPOR method for the Dirichlet problem[2]). The computational procedure involves
repeatedly solving sets of equations of the form

Bi¢; = z;, (3.10)

where B; is as given in (2.7). To solve such systems, efficient algorithms have been
given previously by Atkinson and Evans [1].

If (1.1) is self-adjoint, then A(x, y) = A(x) and C(x, y) = C(») and the coeffi-
cient matrix A of (2.5) is symmetric and positive definite. Under these conditions,
a normalized form of the iteration (3.9) is defined by the following equations [5].

(T; T) glr+1) [§ — A’v(r) . 7v}(:)1

3.11)
V,(~H'1) — w[v(r+1) (7)] + v(r)’
for 1 < j < m, where B; has been expressed as
B, = D;,T;/T,D;, (3.12)

and where the prime denotes transpose. Here, D; is a positive diagonal matrix’
T; is an upper triangular matrix and

Dj¢j = V;; D,-S,- = §j 5 for 1 <] < m,
A; = D7*4;D72,, for 2 <j<m, (3.13)
C; = D;'C;D7Y,, for 1<j<m—1.

If now the matrix 4 of (2.5) is partitioned so that each diagonal submatrix
consists of points ordered alternately across each pair of successive lines (i.e.,
p = 2) then Eq. (3.9) represents a method of solution corresponding to that of
2-line successive over-relaxation (S2LOR), but once again because of the periodicity
condition, represents closely the 2-peripheral method (S2POR) on a plane region
with a hole in it [2]. Now, systems of equations of the form

B, = 17, (3.14)
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must be solved repeatedly, where B, is a square matrix of order 2n of the form

where j =

: \\\\

Cn—1.,5 An-1,j bp,i

K

Cn1,j+1 an-l.a‘

(2¢ — D forq = 1,2,..., mj2.

by,; Uo,j Co.j dy,; 0
Upi41  bogya O Co.ir1 Qo,i+1
5 0 bl j Uy j Cl.i

i1 Vi biin

Up_,5
Up—1,i+1 bn—1,7+l_

This solution may be effected computationally using an algorithm given by
Benson and Evans [3], or using the Choleski factorization as given below.
The B, of (3.15) is from the more general set of matrices of the form

Formally expressing M in the form M = LU, where

¢, —d —e —a, —b

_b2 C2 _d2 —_— 62 —aZ

—a;  —b, ¢z —dy —ey

—a, —b, ¢, —dy, —e
\\\\\ (3.16)
—an_s —bn Cn_g —dn_s —€n_g

—€N_y —an_, —bn, cn_1 —dny

__dN —€nN —an _bN N ]

(W, -
191 wWe
% Igz wg 0
L= ,
XN-4 ﬁN—a WN_2
7 Y2 " YN-4 (yn-s + an—s) (Bn—z + ¥Yn-2) ®ONn_y
L3, 8 Ny Sn-s (an—z + Sn.g) X Wy |

3.17)
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[1 A & hy my
1 f2 & 0 hy m,
U= 1 fN—4 EN-4 hN-4 My—g | (318)
1 fN—3 (gN-3 + hN—s) My_3
0 U (fy-a + hyvog) (8nv—e + my-y)
1 Y
1

forming the product LU, and equating elements with the corresponding coefficients
of A, yields the following equations for the elements of L and U.

wy=1¢; Pi=—by; m=—ag; y1= —ena; 0= —dn;
(3.19)
H=—dfw; g = —elw; h=—aje; m=—blw.
ws=0¢—~PBifr; Bo=—(bs+ uf); aa=—a; vo=—vfi;
8y = —(en + 01f1); fa= —(ds + B18)/ws; & = —eyfw,;
hy = —Biyjwy ;s my = —(a; + Bym/w, , (3.20)
and fori = 3,4,., N —2
w; =06 —Piafia— %2833
Bi = —(biys + iafia); i = @i
ye = —(Yicafi-a + Via8i-e); 8 = —(8;i1fia + 81 28i0);
fi = —(d; + Bi1 gi-Dlws; g —eilw;; (3.21)

h; = _(ﬁi—lhi—l + a;_ohy_p)w;; m; = _(Bi~1mi—1 + oy_gmy_g)[w; .
Finally,

on_y = ng — Bz + yn-o)(fv-z + An_g)
N—-4

— (yn-s + an_a)(gn-3 + Ang) — Z Vilts »

k=1

N—4
X = —(by + (anoe + Sw-dfvs + hns) + S o(@s + hg) + T Suh),
k=1

(3.22)



OVER-RELAXATION AND OTHER BLOCK METHODS
Y = (— o) [dnes + (n-e + Bu-od(@n-e + mn-o)

N—4
+ (yn—g + on_g) My + Z ')/kmk],
k=1

N-3

wy = cy — XY — (On_y + an_o)(gn s + Mn_g) — Z Sy, .
k=1

Having computed these coefficients, the system
Mé =k, e, LU¢ =K,
may be solved in the usual manner by putting
U =y, Ly=k
Thus,
n=kilwy;  yy = w)lky — By,
and fori = 3,4,..., N — 2,

Ve = (N k; — ﬁt—1 Vica — %2 Vi)
Finally,

yna = (Hoyn_y) (kN—-l - (BN—2 + yno) Y-z — (an_g + VYN-3) YN_s

and

N3
= (1feon) (kn = Xynoy — (s + 8w ) s — L. 8.
k=1

Then for the solution

N =In, Sy = Yna — Yy,
and fori = N—2, N—1,.,2,1

fﬁi = Yi — fibi1 — gi¢i+z - hi¢~-1 — mi¢N .

k=1

(3.23)

El; ‘J’k.}’k) s

(3.24)

(3.25)

However, if the B, in (3.14) is symmetric, a more efficient form of the algorithm
can be developed in normalized form following Cuthill and Varga [4].

If in the system of equations

Mé =k
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the matrix M is symmetric, positive definite and of the form

¢, by
b1 Cz

an-1

| bw

an

\\\\\

An-y bn_3 cnos BNy GN_s

a; an_y by
bz a2 aN

an-g bn_s ey BN

an_g by x|

then M has the unique factorization

M = DT'TD,
where
.D - dlag{dl 3 d2 geees dN}
and
1 el f1 51 hy
8o hy
T= en.g fN-a &N hn_g
1 en_s (fv-as + gnv-3) hns
1 (en—g + gn-2) (fn—o + An_s)
L 0 1 (ens & hy_y)
1

The elements of D and T are then obtained from the following relations:

d — cl/z d2 — (02 . b12/d12)1/2’

set,fori = 3,4,..,. N — 2,
V= G;0/d; 5,

then

d; = [¢; — v* — w2,

Let
X1 = an-/ds ,

v = ay_s/dn_s,

ey = byjdyds ;

w = (b;_1/d;iq)

— €390,
€;_1 = W/d' .

.fi—2 = U/dl >

Xg = —€1X1,

w = by_s/dn_s — en sV,

(3.26)

(3.27)

(3.28)

(3.29)
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and for i =3,4,..,. N—2

X; = —€_1Xi1 — fieXi s -

Then

dyq =

N-4 1/2
Cn1 — [z x2 4+ (Xn-g + 02 + (¥n2 + W)z]%
i-1

Snos = vjdn_y, en—y = Wldn,

and fori = 1,2,..,. N —2

g = Xidy_ .
Let
Xy = byldy, Xg = aN/d2 — 61Xy
v = ay_y/dn_s, w = by_1/dy_1 — en_sD,
and fori = 3,4,..., N — 1
X; = —e;_1Xi1 — fiaXia,
and
N—2
XN-1 = XN — Z g:X; — gN—al.
i-1
Then

N-3 ) 1/2
dy = {exy — [Z X2 4 (Xn—g + 0 + (xna + W)z]g
i=1

Snee = vfdn, en-1 = Wfdy,
and fori =1,2,..,. N —1
h; = x;/dy .
Then, to solve the system M¢ = Kk, rewrite in the form
DT'TD¢ =k, ie., T'T(D¢) = D1k.

Putting D¢ =y, D'k = q, the system becomes T'Ty = g, which can be solved
directly for y in terms of the auxiliary vector p whose components are given by

P = s
D2 = (43 — €P1,
P = q; — €;1Di _‘f;'—zpi-z s i= 39 4’---3 N — 27
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N-2

PN-1 = N1 — €N_2DPN-2 — [n-3PN-3 — ). &Pi>
=1

N-1
PN = qn — eN1PN-1 — fn_oPNs — Z hip; .
i=1
The solution y is then obtained by back substitution so that

YN =DPn>
YNo1 = Pn-1 — (en1 + v ) N
YN-2 = Pn-2 — (en-2 + 8n-2) Yn-1 — (w2 + hn-2) VN
Yi =Pi — € Yirn —JiVire —8iVnr —Miyn, i=N—-3,N—4.,2 1

The actual solution ¢ is then obtained from ¢ = D~y using only one division per
component. Thus, an efficient algorithm exists for use in the S2LOR method and
can be expressed in a compact form similar to (3.11).

If (1.1) reduces to Laplace’s equation, then by using a theory due to Parter [6],
Wood [7] shows that the spectral radius of the 2-line block Jacobi matrix satisfies

fiar =~ 1 — (@¥(m + 1)9), (3.30)
so that the corresponding spectral radius of the S2LOR method is
Aot ~ 1 — (2wf(m + 1)) 2272, 3.31)

which is again independent of n. The corresponding 1-line (i.e., SLOR) spectral
radius from (3.8) satisfies

Ao~ 1 — Qal(m + 1)), (3.32)

showing that here, as in the normal Dirichlet problem, the S2LOR method is
asymptotically 21/2 times faster than SLOR.

It has been shown, then, that for the chosen periodic problem with the ordering
of the points as specified, the convergence rate of the 1- and 2-line successive over-
relaxation methods is independent of the number of points in the x direction.
Because of the topological equivalence of the regions, similar conclusions hold
for the 1- and 2-peripheral methods in a plane region with a hole in it. The problem
that does remain, however, is to relate the peripheral techniques to the standard
block methods for the usual Dirichlet problem. Using the previous results, one
might intuitively proceed as follows.
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4. SPOR VERsUs OTHER BLoCK METHODS

The problem of solving, say, Laplace’s equation in the unit square subject
to Dirichlet boundary conditions, might be considered as the limiting case (as
the hole size tends to zero) of a unit square with a small hole removed from the
center with the function being specified on both boundaries.

If in the usual Dirichlet problem, a square mesh of size » = 1/n is used, then the
spectral radii of the point, 1-line and 2-line SOR methods satisfy, respectively,

A9 ~ 1 — Q2n/n)
A2 ~ 1 — (2(2Y27)/n) 4.1)
X2~ 1 — (4n/n).

If the region is now considered as being topologically equivalent to the rectangle
with the periodicity condition, the number of lines, m, in the direction of periodicity
is,

m= (n — 1)/2, n odd,

= (n — 2)/2, n even. “.2)
If we take, for example, n even, substituting into 3.4, 3.32, 3.31, gives,

AP ~ 1 — Q\27)/n),

AD ~ 1 — (dnfn), 4.3)

M ~1 — (4Q12m)n),

where the superfix (P) denotes the periodic case.

Bearing in mind that the 1-line method for the periodic problem is equivalent to
the 1-peripheral (SPOR) for the holed region, a comparison of 4.1 and 4.3 shows
that a peripheral point ordering (if consistent) corresponds to the SLOR method,
and that SPOR is really nearer to S2POR, i.e., if R(M) denotes the asymptotic
rate of convergence of method M, then

R(Point Peripheral) ~ R(SLOR),
R(SPOR) ~ 212R(SLOR) = R(S2LOR),
R(S2POR) ~ 2R(SLOR).

In practice, then, one would certainly expect SPOR to be faster than SLOR if
not by the full factor 2172,
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5. NUMERICAL RESULTS

ProeLEM 1. The solution of Laplace’s equation in the unit square subject
to the boundary conditions

$(x, 0 =0;  $(x, 1) =1,
$(0, ») = $(1, »)-

For the 1-line case (the lines being in the x-direction) the experimental value
of @ and the value from the theory viz.

2

@ = T sin(mfim = 1) 3-1)

as obtained from (3.2) and (3.8), agreed extremely well.

For the 2-line case, the approximation (3.30) was used in (3.2) and the values
so obtained agreed very well with experiment. The method was, as indicated in
Section 3, faster than the 1-line by a factor of 2!/2. The resuits are given in Table I.

ProBLEM 2. Laplace’s equation in the region R defined to be the unit square
with a square hole at the center.

TABLE 1
@ from & from
m Iterations  experiment theory
SLOR
5 10 1.27 1.26
10 20 1.53 1.53
15 30 1.66 1.66
20 39 1.73 1.73
40 77 1.85 1.85
S2LOR
9 13 1.38 1.34
15 21 1.58 1.54
19 26 1.61 1.62

39 50 1.78 1.80




OVER-RELAXATION AND OTHER BLOCK METHODS 15

$=0

FIGURE |

The associated boundary conditions were ¢ = 0 on the outer boundary and
¢ =1 on the inner boundary (see Fig. 1).

This problem was considered by Benson and Evans [2], and SPOR compared
with standard iterative techniques. It was suggested that the formula (5.1), where
m is the number of peripheral blocks, gave quite good agreement with practical
results for the optimum value of w for the SPOR method. It is interesting to
note that (5.1) is exactly the same as that obtained from (3.2) and (3.8) for the
1-line SOR on the rectangle with the periodicity condition. The number of iterations
also varied only with m and not with the mesh size, so substantiating the previous

TABLE II
Optimum w @ from No. of

m in practice 5.1 iterations

2 1.09 1.07 7

4 1.29 1.26 12

6 1.42 1.40 17

8 1.52 1.49 21
10 1.59 1.56 26
12 1.64 1.61 31
14 1.68 1.66 37
16 1.72 1.69 42
18 1.76 L2 47

581/21/1-2
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theory. Selected results are given in Table 11 for a mesh size # = 1/40 and the size
of the hole varying to accomodate the different number of peripherals.

ProBLEM 3. Laplace’s equation in the ring a <{r < 1, i.e.,

P Lop 124

ot Uy ar ' o a02
subject to the boundary conditions

$=0onr=a; J=1onr=1

FIGURE 2

This problem was also considered by Benson and Evans [2]. Ordering the mesh
points in the (r, §) plane along successive circumferences makes the problem
equivalent to the one treated in Sections 1-3 (see Fig. 2). It could be expected then,
that the rate of convergence would depend only on m, and that (5.1) would give
a reasonable approximation to the optimum value of w. That this is in fact so,
can be seen from the results in Table III.

A two-peripheral grouping of the mesh points would also be expected to exhibit
the same type of behavior and to be faster than SPOR by a factor of 21/2. This is
in fact so, and the results are given in Table IV,

The ordering is shown in Fig. 3.
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17

TABLE IIT
@ in @ from
Me N? m Iterations practice 5.1)
10 40 3 7 1.175 1.17
4 9 1.26 1.26
5 11 1.33 1.33
6 13 1.395 1.39
7 15 1.455 1.45
8 18 1.51 1.49
20 80 3 7 1.165 1.17
4 9 1.245 1.26
5 11 1.31 1.33
6 13 1.37 1.39
7 15 1.42 1.45
8 17 1.46 1.49
10 21 1.54 1.57
12 25 1.60 1.62
14 29 1.65 1.67
16 33 1.69 1.70
18 38 1.73 1.73
e M = érl,
» N = 2a/86.
TABLE 1V
@ in
M N m Iterations practice
10 40 4 8 1.17
6 10 1.28
8 14 1.39
20 80 4 8 1.175
6 11 1.285
8 13 1.38
10 16 1.45
12 19 1.51
14 22 1.56
16 26 1.61
18 28 1.65
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FIGURE 3

6. CONCLUSIONS

Algorithms have been derived for solving the sets of equations arising from the
1-line and 2-line successive over-relaxation methods used for solving the Dirichlet/
Periodic problem considered theoretically by Wood [7]. The numerical results
obtained substantiate the theory.

It has also been shown that the theory given by Wood [7] can be used for a
peripheral ordering of the points in a certain class of problems, i.e., those involving
a plane region with a hole for which the peripheral techniques seem ideally suited.
Again, numerical evidence of the validity of the theory has been given. Finally,
an attempt has been made to link the peripheral and line techniques in the case
of the normal Dirichlet problem. It is shown that the peripheral grouping is more
closely analogous to the 2-line grouping; it can certainly be expected to be faster
than the 1-line successive over-relaxation method, probably because it more
rapidly utilizes the boundary mesh points to compute the interior mesh points.
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